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Abstract 

A {l}-structure on a Banach manifold M (with model space E) is an i?-valued 1- 
form on M that induces on each tangent space an isomorphism onto E. Given a Banach 
principal bundle P with connected base space and a {l}-structure on P, we show that 
its automorphism group can be turned into a Banach-Lie group acting smoothly on P 
provided the Lie algebra of infinitesimal automorphisms consists of complete vector fields. 
As a consequence we show that the automorphism group of a connected geodesically com- 
plete affine Banach manifold M can be turned into a Banach-Lie group acting smoothly 
on M. 
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1 Introduction 

Given a geometric structure on a smooth manifold M, one of the basic associated questions 
is if the automorphism group can be turned into a Lie group acting smoothly on M. The 
concept of G-structures enables us to treat many interesting geometric structures in a unified 
manner. A G-structure on a manifold is a smooth subbundle of the bundle of linear frames 
with structure group G, where G is a Lie subgroup of the general linear group of the modelling 
space. 

The {l}-structures on a manifold M (with model space E) are in natural one-to-one 
correspondence with the fields of linear frames over M. Therefore, they can be defined as 
-E-valued 1-forms on M that induce on each tangent space an isomorphism onto E. 

In the case of finite-dimensional manifolds, a basic theorem for {l}-structures states that 
the automorphism group of a connected manifold M with {l}-structure can be turned into 
a Lie group acting smoothly on M such that every orbit map is an injective immersion with 
closed image (cf. [Kob72l Th. 1.3.2]). 

Applying this theorem to manifolds with affine connections leads to the assertion that 
the automorphism group of a connected affine manifold (M, V) can be turned into a Lie 
group acting smoothly on M. In this situation, for each linear frame p £ Fr(M), the map 
Aut(Af, V) — > Fr(M), / i— >• Fr(/)(p) is an injective immersion with closed image, where Fr(/) 
denotes the induced automorphism of the linear frame bundle Fr(M) (cf. [Kob72, Th. II. 1.3]). 
The background to this result is that the group of affine automorphisms of M is naturally 
isomorphic to the group of automorphisms of Fr(M) leaving both the soldering from 6 and 
the connection form to invariant. Note that these differential forms provide a {l}-structure 
k := (9,uj) on the frame bundle. 
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A closer inspection of the proof shows that it is necessary to study {l}-structures actually 
not only on connected manifolds, but, more generally, on principal bundles with connected 
base space, since the linear frame bundle over a connected manifold is in general not con- 
nected. 

The purpose of this paper is to extend these results to smooth Banach manifolds. This 
subject has also been studied by Bogdan Popescu0 As the finite-dimensional results depend 
on R. Palais' Integrability Theorem (cf. |P al57j ). we need a comparable theorem for the 
infinite-dimensional case. This is provided by A. Abouqateb and K.-H. Neeb in [AN08j . It 
treats the integration of locally exponential Lie algebras of complete vector fields. 

Given a Banach principal bundle P with connected base space and a {l}-structure k on 
P, we show that the set Kill(P, k) of infinitesimal automorphisms is a Banach-Lie algebra 
that can be embedded as a closed subspace of the tangent space at each point of P by 
the corresponding evaluation map. If it consists of complete vector fields, it should be the 
natural Lie algebra of the automorphism group Aut(P, k). In fact, we show that under this 
assumption, Aut(P, k) can be turned into a Banach-Lie group acting smoothly on P such 
that each orbit map is an injective local topological embedding. 

When studying the automorphism group of a connected affine Banach manifold (M, V), 
we see that the set Kill(M, V) of infinitesimal affine automorphisms inherits the structure of 
a Banach-Lie algebra by the given one of Kill(Fr(M), n) with k := (9,uj). We show that the 
vector fields in Kill(M, V) and Kill(Fr(M), k) are complete if M is assumed to be geodesically 
complete. The proof of these statements essentially leans on the finite-dimensional case in 
[KN63] . Applying our theorem about the automorphism group of a principal bundle with 
{l}-structure, we show that the automorphism group of a connected affine Banach manifold 
M that is geodesically complete can be turned into a Banach-Lie group acting smoothly 
on M. 

The original motivation of this research is to attack a problem concerning symmetric 
spaces in the sense of O. Loos (cf. }Loo69] ) that are modelled on Banach spaces. We can 
show that the automorphism group G of a connected symmetric space M is a Banach-Lie 
group acting transitively on M. In particular, M is a Banach homogeneous space. More 
precisely, we have M = G/Gf,, where the stabilizer G^ for a point b E M is an open subgroup 
of the group of fixed points in G for the involution a on G given by cr(g) := fib°9°fJ>b with the 
symmetry ^ at b (cf. [Ncc02, Ex. 3.9] for homogeneous symmetric spaces). As a connected 
symmetric space carries a canonical affine connection encoding the symmetric structure in 
the sense that it has the same automorphisms, we can apply the results of this paper to show 
its homogeneity. For details we refer to |KlolO| . 
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2 The Automorphism Group of a Banach Principal Bundle 
with {l}-structure 

2.1 Introduction 

Let (P, M, G, q, p) be a smooth Banach principal bundle, i.e., q : P — >■ M is a smooth map of 
Banach manifolds and p: PxG^Fa smooth action of a Banach-Lie group G on P with 
the property of local triviality: Each x G M has an open neighborhood U for which there 
exists a smooth diffeomorphism (p: q (U) — > U x G satisfying 

9(<P -1 0e,s)) = x and tp~ l {x,gig 2 ) = #i).32 

for all x G £7 and 9,51,52 G G (cf. |Bou071 6.2.1]). 

We assume M to be pure with model space P and denote the Lie algebra of G by q. A 
{l}-structure on P is an (E x g)-valued 1-form k on P such that k p : T p P — > P x g is a 
topological linear isomorphism for each p G P. 

We denote by Aut(P, k) the group of principal bundle automorphisms of P that leave k 
invariant, i.e., 

Aut(P, k) : = {/ G Diff (P) : f*K = k and fop g = p g of for all g G G}. 

The set Kill(P, k) of infinitesimal automorphisms is defined by 

Kill(P, «) := G V(P) : L^k = and = f for all 5 G G}. 

In the light of Section 12.21 this is the set of all smooth vector fields £ G V(P) whose flow 
maps Flf : T>t{^) — > P_t(£) leave k invariant and commute with p g for all g G G. 
Our main results are: 

Proposition 2.1. Lei (P, M,G,q, p) be a smooth Banach principal bundle and k a {1}- 
structure on P. The set Kill(P, k) of infinitesimal automorphisms is a Lie subalgebra of the 
Lie algebra V(P) of smooth vector fields. If M is connected, then it carries a unique Banach 
space structure such that each evaluation map ev p : Kill(P, k) — > T p P, ( 4 ^(p) is a closed 
embedding. With this structure it becomes a Banach-Lie algebra. 

Theorem 2.2. Let (P,M,G,q,p) be a smooth Banach principal bundle, where the base space 
M is connected, and let k be a {l}-structure on P. If all infinitesimal automorphisms £ G 
Kill(P, k) are complete, then the automorphism group Aut(P, n) can be turned into a Banach- 
Lie group such that 

exp: KU1(P,k) -> Aut(P,«), £ Fl^ 

is its exponential map. The natural map a: Aut(P, k) x P — > P is a smooth action whose 
derived action is the inclusion map Kill(P, k) V(P), i.e., —Ta(idp,p)(^,0) = £(p). For 
each p G P, the orbit map o~ p : Aut(P, n) — > P, g 1— > g(p) is an injective local topological 
embedding. 
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When regarding the trivial bundle P = M x G with trivial structure group G = {1}, we 
obtain the following corollary: 

Corollary 2.3. Let M be a connected smooth Banach manifold and k a {l}-structure on 
M. If all infinitesimal automorphisms £ € Kill(M, k) are complete, then the automorphism 
group Aut(M, ft) can be turned into a Banach-Lie group acting smoothly on M. 

One consequence (of the theorem) that we shall show is that the automorphism group of 
a geodesically complete affine Banach manifold M can be turned into a Banach-Lie group 
that acts smoothly on M. 

Remark 2.4. In [Kob72j, S. Kobayashi deals with the finite-dimensional case. He shows 
that the automorphism group of a connected manifold M with a {l}-structure can be turned 
into a Lie group acting smoothly on M such that each orbit map is an injective immersion 
with closed image (cf. |Kob72l Th. 1.3.2]). 

2.2 Basic Concepts 

Lemma 2.5 (cf. [AN091 Lem 3.3]). Let M and N be smooth Banach manifolds, U an open 
neighborhood of some point x in M and f:U — > iV a C 1 -map for which T x f is a closed 
embedding. Then there exists an open x -neighborhood U' C U such that f\xji is a topological 
embedding. 

Definition 2.6 (Lie derivative). Let M be a smooth Banach manifold and £ € V(M) a 
smooth vector field on M with local flow Fl^: R x M D — > M. Further, let u be a 
smooth vector field on M or a Banach space valued differential form on M of any degree. 
The Lie derivative C^uj of oo with respect to £ is the smooth vector field or the differential 
form, respectively, given by 



For rj £ V(M), we have C^r] = [£,rj\, i.e., the Lie bracket in V(M), and for a differential 
form / of degree 0, i.e., for a smooth function / on M, we have C^f = £./ := df o £ (cf. 
[LanOll V, §2]). Given a differential form u of degree n > 1 and 7/1, . . . , rj n G V(M), we have 



(cf. [LanOll Prop. V.5.1]). 

Proposition 2.7 (cf. [AMR8H Prop. 4.2.4]). Let M and N be smooth Banach manifolds, 
£ € V(M) and n € V(N) smooth vector fields and f : U — > V a smooth map between open 
submanifolds U C M and 7CJV. T/ien i/ie following conditions are equivalent: 

(a) £|t/ and r/|y are f -related, i.e., Tf o £|jy = n o /, ako denoted by f*(£\u) = v\v- 

(b) / intertwines the flow maps Fl^ and Fl^ in i/ie sense that 




n 



Ct(uj(m, ■ ■ ■ ,%)) = (^w)(r/i,. . . ,r/ n ) + ^a;(r/i, . . . ,£ f ?7i, . . . ,r/ n ) 



(/oFlf)(x) = (Fl?o/)(z) 
/or a// (t,x) G P(£) i/iai safe/y Fl ? ([0,t],x) C [7 or Fl € ([t, 0], x) C [7, respectively. 
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If we have U = M and V = N , then (b) means 

f(D t (0)QV t ( V ) and /oFlf =Fl?o/b t («- 

Proposition 2.8 (cf. [AMR88, Cor. 5.4.2]). Let M be a smooth Banach manifold and £ G 
V(M) a smooth vector field. Further, let u be a smooth vector field on M or a Banach space 
valued differential form on M of any degree. The following conditions are equivalent: 

(a) C^oj = 0. 

(b) to is invariant under all flow maps Fl| : T>t{r]) — >■ D-t(v)i *.e., (Fl^)*(w| : p_ t ^)) = oj\x> t ^y 

Corollary 2.9. Let M be a smooth Banach manifold and £, n G V(Af) smooth vector fields. 
The following conditions are equivalent: 

(a) [£,t/]=0. 

(b) 7/ is invariant under all flow maps Flf: T> t {rj) — > X>_t(n), z.e., (Flf = ^Ix*-^)- 

(c) T/ie /low; maps Fl^ and Fl| commute in the sense that 

(FlfoFl?)(x) = (Fl?oFlf)(x) 

/or a// GP(n) and s G R toat sate/?/ F1"([0, t], x) CD S (() or FV([t,0],x) CD S ((), 
respeciiue/?/. 

Lemma 2.10. Let £: i 7 x M — > TM 6e a smooth vector field depending on parameters in a 
Banach space F such that F — > V(M), v i— > := f ( W) .) i s /inear. Let Fl { :lxFxMD 
— > M 6e its /oca/ /low/. Then, for each x G M ; i/te derivative of the map Fl^ x := 
Fl*(l, •, x) oi is given fry T Flf x = £(•, x) : F -»• T X M. 

Proof: We have 



(ToFllj^) = ^ Flf^O + to) = | Fl*-(z) 



d_ 
dt 



Flf" (x) = | 



i=0 

Ft(x) = ax). 



t=0 



□ 



Theorem 2.11 (cf. |AN08j ). Let q be a Banach-Lie algebra, M a smooth Banach manifold 
and a: Q — > V(M) an infective morphism of Lie algebras satisfying 

(1) Each vector field a{X) is complete. 

(2) The map a : q x M TM, (X, x) h4 a(X)(x) is smooth. 

(3) TTie subgroup T a := {X G 3(0): Fl™^' = id a/} of the center 3(0) 0/0 is discrete. 

Then the subgroup G := (Flj : X G 0)oiff(Af) °/ ^ e diffeomorphism group Diff(M) can be 
equipped with a unique Banach-Lie group structure such that 

ex Pa : q^G, X^Fl~ a{X) 

is its exponential map. The natural map (3: GxM->M is a smooth action with (3 = a. 
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Here $: q — > V(M) is the derived action denned by 

KX){x) :=-T^(id M ,x)(X,0). 

Remark 2.12. In |AN08| . condition (2) is that the map g x M -> M, (X, x) ^ Fl" (X) (x) 
is smooth. In the Banach case, this is a conclusion of our condition, as this map is the 
time-l-flow of the smooth vector field a that depends on parameters in g (cf. [LanOll pp. 72, 
92, 160]). 

2.3 The Banach— Lie Algebra of the Infinitesimal Automorphisms 

Let (P, M, G, q, p) be a smooth Banach principal bundle where the base space M (modelled 
on E) is connected and let k be a {l}-structure on P. For each v G F := E x g, let r] v G V{P) 
be the smooth vector field defined by 

Vv(p) ■= K p l (v). 

It is clear that k{t] v ){p) = v. We shall often use that, for each p G P, the tangent space T p P 
is given by {rj v (p) : v G F}. The following lemma is also valid for non-connected M. 

Lemma 2.13. We have 

Kill(P, k) = G V(P) : [f , Tfc] = and = ( for all v G F and g G G}. 

It follows that Kill(P, k) is a Lie subalgebra of the Lie algebra V(P). 

Proof: For any £ G V(P), we have C^k = if and only if (C^k)(t] v ) = for all v G F. Due 
to (C^n)(r] v ) = C-(k(i] v )) — r] v ]) = — rj v ]), this is equivalent to = for all 

v G F, the map n p being injective for all p G P. We thus obtain the first assertion. An 
easy computation using the Jacobi identity and the naturality of the Lie bracket shows that 
Kill(P, k) is a Lie subalgebra of V(P). □ 

Let 7] : FxP-> TP be the smooth vector field depending on parameters that is given by 

r/(v,p) := rj v (p) = Hp l {v) 

and letFP:lxFx?D V(rj) -> P be its local flow. The map F -)■ V(P), u H> ^ being 
linear, Lemma 12.101 savs that, for each p G P, the derivative of the map Fl^ p := FF(l,-,p) 
at is given by To Fl^ p = r)(-,p) = k~ , i.e., by a topological linear isomorphism. Hence, the 
map Fl^ p induces a local diffeomorphism at G P. 
Therefore, for each p G P, there is a diffeomorphism 

ip p : V p — > C/p C P with <y9 p (w) = Fl^"(p) and To^ p = k" 1 (1) 

of an open neighborhood V p of G P onto an open neighborhood f/ p of p G P. 
We define the set 

£ : = [ s ■- Sn o ■ ■ ■ o si : n G N and s 1} . . . , s n G {Fl^ : t G R, u G P} U {p g : g G G}} , (2) 

where each s ra o • • • o s\ means the composition with maximal domain. It is stable under 
composition and inversion of maps. 

Lemma 2.14. Given £ G V(P), we have £ G Kill(P, k) if and only if for each s: U — > V in 
S, we have s*(^|t/) = £\v, i-e., C( s (p)) = Ts(£,(p)) for all p G U. 
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Proof: By Lemma 12.131 and Corollary 12.91 we have £ G Kill(P, k) if and only if (p g )*i = £ 
and (Fl^")*^!^^)) = £,v~ t {vv) f° r ^' 3 6 G, t 6 1 and v & F. As the set S consists of 
compositions of such maps, the assertion follows. □ 

Lemma 2.15. Given any pi,P2 G P, there is a map s G S with s(pi) = p 2 . 

Proof: For a fixed p\ G P, we put ^4 := {p G P: (3s € S)(s(pi) = p)}. We shall show that A 
is all of P. It is clear that A is p-invariant and not empty. As the base space M is connected, 
it suffices to show that A and its complement A c both are open in P. 

For any p G A (with s(pi) = p), the neighborhood U p (cf. ([T])) is contained in A, since for 
each ip p (v) G J7 P , we have </? p (?/) = (Fl^" os)(p%). Hence, A is open. To see that A c is open, 
let p be any point in A c . We shall show that U p C ^4 C . If any <p p (v) G £/ p was in .A, i.e., 
s(pi) = <p p (v) for some s £ S, then p was in A, too, due to p = (Fl^~" os)(pi). □ 

For each p G P, let P p be the subgroup of GL(T p P) defined by 

Hp := {T p s : s G 5 and s(p) = p}. 

Proposition 2.16. For each p G P, £/te evaluation map ev p : Kill(P, k) — > T p P, £ i— > is 
an infective linear map. Its image im(ev p ) is given by the fixed point set (T p P) Hp under the 
group Hp < GL(T p P). For each pi,P2 G P, the map ev P2 o(ev Pl 

is a topological linear isomorphism of Banach spaces. It is given by restricting T pi s for any 
s G S satisfying s(pi) = P2- 

Proof: To see the injectivity of ev p , we shall show that for each £ G Kill(P, k) and p' G P, 
the vector depends only on £(f>). Indeed, by Lemma 12.151 and Lemma l2.14i there is a 
map s € S with s(p) = p' and £(p') = Ts(£(p)). 

The inclusion im(ev p ) C (T p M) Hp is clear by Lemma 12.141 Conversely, for each w G 
(T p P) h p, let G V(P) be the smooth vector field defined by 

:= Ts(w) for all s G S where s(p) is defined. (3) 

Due to Lemma 12.151 £w is defined on all of P. It is well-defined, as 

Slip) = s 2 (p) => ((s2)~ 1 ° si)(p) = p =4> T((s 2 y 1 o si)(w) = w =4> Tsi(w) = Ts 2 (w) 

for all s\,s 2 G S. Before checking its smoothness, we observe that 

£w{s(j?')) = Ts(£ w (p')) for all s G S and p' G P where s(p') is defined, (4) 

since 

U*(P0) = e»((*"r)(p)) = (TsoTr)(w) = Ts(Ur(p))) = Ts(Up')) 

for an appropriate r G 5" with r(p) = 

To see its smoothness, we work locally on J7 p / (cf. ([1])) for all p' G P. We have 

UM«)) = U^Tip')) = tf^(Up')) = (r ( , y) Fi?)(o 5 ^(pO) (5) 

for all v G Vpi. Hence, £, w \u p , is smooth. By @ and Lemma 12. 141 we thus know that 
£ w G Kill(P, k). Because of £ w (p) = w, we then obtain (T p P) H p C im(ev p ). 
Given any s 6 S with s(p%) = p 2 , we have 

(ev p2 o(ev Pl )~ 1 )(u') = ev s(pi) (£ w ) = Ts(w) 
for all w G (T p P) Hp . In particular, ev P2 o(ev pi ) _1 is a topological linear isomorphism. □ 
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Corollary 2.17. The Lie subalgebra Kill(P, k) of the Lie algebra V(P) carries a unique 
Banach space structure such that each evaluation map ev p : Kill(P, k) —¥ T p P, £ i— y £(p) is a 
closed embedding. With this structure it becomes a Banach-Lie algebra. 

Proof: It remains to check the compatibility of the Banach space structure and the Lie 
bracket of Kill(P, k). To see that 

Kill(P, k) x Kill(P, «) Kill(P, k), -> 

is continuous, we consider one embedding ev p and have to check the continuity of 

(T P P) H * x T p P ff * -> T p P H ^ (w x ,w 2 ) -> [^.^(p). 

We shall work in the chart c/?" 1 (cf. Q). For this, we restrict the flow map FlJ: P x P D 
^i(v) P to a set V p x Up with open neighborhoods Vp of G P and U p oi p & P such 
that F1^(V P x U p ) C J7 p and ^'^p-^^CF is a restriction of the chart ip . This works, 
because F1^(0, p) = p. The flow map Fl^ then has a local representation (Fl^)^ p : V p x V p — > V p . 
Due to ([5]), the local representations £™ P of are given by 

with derivatives 

dC P (v)(u) = d 1 d 2 (Fl , [p(v,0)(u)(K p (w)). 
We shall verify the continuity of 

k p ((T p P) h ") x k p ((T p P) h ") -»■ Kp((r p P)^), (tDi,«; 2 ) [C,^](0), 
with := K~ l {wi), for i = 1, 2. We have 

[^,^](0) = d^(0)(^(0))-de&(0)(^(0)) 

= d x d 2 {Y\l)^(Q^){w 1 ){iB 2 ) - did2(FlJ)^(0,0)(iD2)(«)i), 

which depends smoothly on (tui,^)- 1=1 
2.4 Proof of the Main Theorem 

We consider the situation of Section 12.31 and use the same notation. 

Lemma 2.18. We have 

Aut(P, «) = {/£ Diff (P) : f*r) v = r\ v and / o p g = p g o / for all v G F and g G G}. 

Proof: Given / G Diff(P), we have /*« = k if and only if (f*K) p {r) v (p)) = K p (rj v (p)) for all 
p G P and v E F, i.e., Kf(p)(Tf(r) v (p))) = v. This is equivalent to Tf(rj v (p)) = kJ^(v), i.e., 
Tf(T]v(p)) = Vv(f(p))- This means /*r/„ = r/„ for all v £ F. The assertion follows from the 
definition of Aut(P, re). □ 

Lemma 2.19. Given f G Diff(P), we have f G Aut(P, k) if and only if for each s: U — > V 
in 5 (^c/. ([2]) J, we /iave f(U) C [7 and f o s = s o f\u- 
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Proof: By Lemma 12.181 and Proposition 12.71 we have / G Aut(P, n) if and only if / o p g = 
p g o /, f(V t (rj v )) C VtM and / o Fl* = Ft? °/b tW for all g G G, i G R and u G F. 
As the set 5 consists of compositions of such maps, the assertion follows. Notice that, given 
si: U\ — > V\ and s 2 ■ U 2 — > V 2 satisfying the condition, the domain sj~ 1 (L r 2) of the composition 
S2 s i\ s - 1 (u 2 ) satisnes (^2)) C s^ 1 ([/ 2 ), since 

si[f(s^(U 2 ))) = f{ Sl (s^(U 2 ))) C f(U 2 ) C C/ 2 . 

□ 

Lemma 2.20. // aZ/ infinitesimal automorphisms in Kill(P, n) are complete, then the inclu- 
sion map Kill(P, k) V(P) satisfies the conditions of Theorem \2.11\ 

(1) Each vector field £ G Kill(P, k) C V(P) is complete (by assumption). 

(2) The evaluation map ev: Kill(P, k) x P — > TP, (£,p) t— >• £(p) is smooth. 

(3) T/ie subgroup T := {£ G 3(Kill(P, «)) : Flf = id P } o/£/je center 3 (Kill(P, «)) o/Kill(P, «) 
is discrete. 

Proof: (2) Considering an embedding ev p : Kill(P, k) T p P, we have to check the smooth- 
ness of 

{T P P) H * xP^TP, {w,p') ^(p'), 

where £™ := ev~ (cf. Proposition 12. 16j) . We work locally on (T p P) h p x f/ p / (cf. flU) for all 
p' G P. By Lemma f2.15| there is an s G 5 with s(p) = p'. From ([5]) and © (in Section |23|) . 
we know that 

&,(yy(u)) = (T (t)>j/) FlJ)(0,^(a(x))) = (T ( „ )P ,) Fl?)(0,TsM), 

which depends smoothly on (w, v). 

(3) It suffices to show that there is a 0-neighborhood U Cj Kill(P, k) with Flf 7^ idp for all 
£ G ?7\{0}. Fixing some p G P and considering the map ip p : Kill(P, k) — > M, £ 1— >■ Flf (p), we 
shall show that tp p is injective on an appropriate O-neighborhood U, so that Flf (p) ^ idp(p) 
and hence Flf ^ idp for all £ G £7\{0}. Due to (2), we can apply Lemma f2. 101 and obtain 
(Totpp) = ev p : Kill(P, k) — > T p P, which is a closed embedding. From Lemma 12.51 we then 
know that, for an appropriate 0-neighborhood U, ip p \u is a topological embedding and hence 
injective. □ 

As a consequence of Theorem 12.111 we obtain: 

Corollary 2.21. If all infinitesimal automorphisms in Kill(P, n) are complete, then the sub- 
group H : = (Flf: £ G Kill(P, K))Diff(P) °f ^ e diffeomorphism group Diff(P) can be equipped 
with a unique Banach-Lie group structure such that 

exp : Kill(P, k) — > H, £ h-> F17 5 

is its exponential map. The natural map /3: H x P — » P is i/ten a smooth action whose 
derived action is the inclusion map Kill(P, k) <->■ V(P), i.e., — T/3(idM>p)(£> 0) = £(p). 

Proposition 2.22. If all infinitesimal automorphisms in Kill(P, k) are complete, then the 
group H : = (Flf: £ G Kill(P, re))Diff(p) i fi a normal subgroup 0/ Aut(P, k). There is then a 
unique Banach-Lie group structure on Aut(P, k) that makes H an open Lie subgroup. The 
natural map a: Aut(P, k) x P P is a smooth action whose derived action is the inclusion 
map Kill(P,/c) ^ V(P). 
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Proof: The group H is a subgroup of Aut(P, k) by definition. We shall show that it is 
normal. Given any g G Aut(P, k), we have to check that gHg^ 1 C H. The set of all h G H 
satisfying ghg^ 1 C H is a subgroup of H. Therefore, it suffices to verify gFlfg^ 1 C H for 
all £ G Kill(P,K). By Proposition [221 we have 5 Flf 3- 1 = Flf ? for all tel. As then the 
flow maps Flf are in Aut(P, k), the vector field g*£ is in Kill(P, k), so that <?F1^ g~ l G P. 

To show the existence of a Lie group structure, we have to check that for each g G 
Aut(P, k), the restriction c g \u of the conjugation map c g is a smooth automorphism of H (cf. 
[Nee06l Cor. II.2.3]). As it is a homomorphism, it suffices to verify the smoothness in a neigh- 
borhood of idp. For this, we work in exponential charts. By the preceding considerations, we 
have c 9 |#oexp = exp og*, so that we shall show that the linear map 5* : Kill(P, k) —> Kill(P, k) 
is continuous. Using an embedding ev p : Kill(P, k) > T p P, this follows from the continuity 
of(T p g)\ {TpP) H p :(T p P) H *^(T p P) H P. 

The remaining statement follows from cf\hxP = P and <j\ g HxP = 9 P (\-i\gH X idp) 
for all g G Aut(P, k), where A g -i denotes the left multiplication with g _1 in Aut(P, k). □ 

Proposition 2.23. Assuming all infinitesimal automorphisms in Kill(P, k) to be complete, 
we turn Aut(P, n) into a Banach-Lie group. Then for each p G P, the orbit map 
a v : Aut(P, k) — > P, g 1 — ^ is an injective local topological embedding. 

Proof: We shall show the injectivity of a p . Given any 01,52 G Aut(P, k) with g\{p) = 52 (p)) 
the automorphism g := g^gi satisfies g{p) = p. We have to check that g = idp and shall do 
this by showing that the fixed point set Fix(o) is all of P. Given any p' G P, there is a map 
s e S with s(p) = p' (cf. Lemma f2.15j) . By Lemma f2.19t we have g(s(p)) = s(g(p)) = s(p), 
so that p' G Fix(g), hence, Fix(g) = P follows. 

To see that a p is locally a topological embedding, it suffices to check this around idp G 
Aut(P, k), as a p = g o a p o A s -i for all g G Aut(P, k). In view of Lemma 12.51 it suffices to 
check that Tid P <7p is a closed embedding. Indeed, —Tn p a p = ev p : Kill(P, k) — > T p P is a 
closed embedding (cf. Corollary I2.17|) . □ 

3 The Automorphism Group of an Affine Banach Manifold 

Given a connected affine Banach manifold M that is geodesically complete, we show that its 
automorphism group can be turned into a Banach-Lie group acting smoothly on M. 

In this section, we first collect a number of definitions and properties concerning affine 
connections on Banach manifolds. Given a connected affine manifold (M, V), the soldering 
form and the connection form equip the frame bundle Fr(M) with a {l}-structure k. A diffeo- 
morphism / of M is affine if and only if its induced automorphism Fr(/) of the frame bundle 
leaves k invariant. We observe that the automorphism groups Aut(M, V) and Aut(Fr(M), k) 
as well as the Lie algebras Kill(Af, V) and Kill(Fr(M), k) of infinitesimal automorphisms are 
naturally isomorphic, respectively. Assuming (M, V) to be geodesically complete, we show 
that these Lie algebras consist of complete vector fields. Therefore we can apply the results 
of the preceding section. 

3.1 Affine Connections on the Tangent Bundle 

Let M be a smooth Banach manifold, tt : TM — > M be the natural projection of its tangent 
bundle and tttm '■ TTM — > TM be the natural projection of the tangent bundle of TM. Also 
the map Tit: TTM -)• TM makes TTM a vector bundle over TM (cf. [LanOU p. 104]). The 
composition tt o tttm turns TTM into a fiber bundle over M. 
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An affine connection on TM is a morphism B : TM © TM — v TTM of fiber bundles 
over M such that (ittm,Tit) o B = id^MeTM and such that B is bilinear, i.e., for each 
x e M, B x : T X M © T X M ->• TTM is bilinear. Note that B x (v,-): T X M ->• T V (TM) and 
B x (-,w): T X M — >■ (T7r) -1 (u;) are indeed maps between Banach spaces. The pair (M,B) is 
called an affine Banach manifold. 

In a chart 99 : £7 — > V C T 1 , an affine connection B can be written as 

TTp o B o (Tip © Tv?)- 1 : TV ®TV = V x E x E -> TTV = VxExExE 

(x,v,w) ^> (x,v,w,B$(v,w)) 

with a smooth map 5^: F -> C 2 (E,E) from 1/ into the space of continuous bilinear maps 
E x E ^ E, which we call a local representation of B. Considering two charts <p\ and p2, 
the change of variable formula for the transition map h := p>2 fi 1 is given by 

B%*(dh{x){v),dh{x){w)) = d 2 h{x){v,w) + dh(x)(B^(v,w)). 

An affine connection can also be given by a covariant derivative V, i.e., by a collection 
(V t/ )c/cMopcn of R-bilinear maps 

V u : V{U) x V{U) -)■ V(C/), (£,r/) -> (V^r? 

satisfying the conditions 

(1) (V u )^rj = f(V u )tV (C°°(C/)-linearity in the first variable) 

(2) (V u )((fr}) = {U)V + f(y U )(V (derivation property) 

for all £,77 G V(J7) and smooth functions / G C°°(U) such that the maps V* 7 are compatible 
in the sense that 

for all £,,1] £ V(Ui), U2 C C/i C M. In the following, we shall often suppress the index set £7 
by writing 

V 5 r? := (V^r? 

for all V{U). 

There is a one-to-one correspondence between affine connections and covariant derivatives. 
It is determined by the local formula 

(V^Hx) = dtf{xW{x)) - B%(nV(x),e(x)), 

where (V^)^, rf and ^ denote the local representations of the vector fields. As far as the 
vector field £ is concerned, (V^n)(x) only depends on Therefore, it make sense to define 
V v n for vectors v. 

Given an affine connection, there is a unique vector bundle morphism K : TTM — > TM 
(over 7r) between the vector bundles tt T m- TTM -> TM and ir: TM ->• M, such that 

V^r/ = K o Tn o £ 

for all vector fields £, 77 £ V(U) with an open submanifold ?7 of M. It is called the connector. 
In a chart <p: U ^ V C E 1 , it can be written as 

TipoKo (TTtp)- 1 : TTV = VxExExE -> T7 = yxE 

(x,w,uj,z) ' ^ (x,z - B$(v,w)). 
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Note that for each v G T X M (with x G M), a vector z G T V (TM) can be given by Ttt(z) and 
if (2) and it is called vertical if Ttt(z) = X and horizontal if if (z) = X . 

Given a smooth curve a: J — > M, let 7: J — > TM be a lift of a to TM, i.e., a curve on 
TM satisfying noj = a. The derivative 0/7 along a is the unique lift V a '7 of a to TM that 
in a chart </j : {/ — > V C i£ has the expression 

(V^TO = (7^)'(i)-^ (t) (7^(i),K) / (t)). 

We also use the notation V a 'n)1- A lift 7 of a is said to be a-parallel if V a '7 
this means that all tangent vectors 7'(i) are horizontal. 

An affine connection induces parallel transport along smooth curves. 
a : J — > M and to, t% G J, we denote it by 

P^(a):T Q(to) M^T Q{tl) M. 

It is a topological linear isomorphism and is defined by the property that for each v G T Q ( to )M, 
the map 

lv :=p£(a)(v); J^TM 

is the unique curve in TM that is a-parallel and satisfies 7^0 ) = v - I n an Y chart 
(/? : U — > V C E 1 , it then satisfies the linear differential equation 

( 7 <?)'(i) = iC (t) (T*(f),(a*)'(t)) 

and it is uniquely determined by satisfying these equations for a collection of charts covering 
the curve a and by satisfying the initial condition 7^0) = v. 

A geodesic is a curve a in M whose derivative a' is a-parallel, i.e., V a iot = 0. For each 
v G T X M, x G M, for which the unique maximal geodesic a v : J — > TM with a' v (0) = v 
satisfies 1 G J, we define 

exp(f) := exp x (t;) := a„(l). 

We denote the open domains of exp and exp x by T> e ^ p C TM and T> eyiPx C T X M, respectively, 
and get smooth maps exp : V exp — > M and exp^. := exp \t x M(it> cxp '■ '^ > exp x — > M. Each geodesic 
a: J — > TM with a'(0) = v satisfies a(t) = exp(tf). A manifold with an affine connection is 
called geodesically complete if the domain of each maximal geodesic is all of R. 

Let V C Pexpj, be an open neighborhood of in T X M =: E that is star-shaped with 
respect to (i.e., [0, 1]V C V) such that exp^. induces a diffeomorphism of V onto its open 
image W . Then W is said to be a normal neighborhood of x. We call the chart 
ip := (exp ly 7 ) -1 : W — > V C S a normal chart at x. Normal neighborhoods do exist, as 
exp^, : T) exPx — > M induces a local diffeomorphism at G T X M, since To exp x = idj^A/ (cf. 
[LanOll Th! IV.4.1]). 

Further details can be found in |Lan01^ IV, VIII and X], but basically for the case of 
torsionfree connections. Cf. also [KN63J, [Kli82j and [Bcr08j for more material on connections. 

3.2 The Frame Bundle of an Affine Banach Manifold 

Let M be a smooth Banach manifold (with model space E). The set 

Fr(M) := \J lso{E,T x M) 

xeM 



= 0. Note that 
For a curve 
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(of topological linear isomorphisms) equipped with the projection q: Fr(M) — > M, 
Iso{E,T x M) 3 p i — y x carries the structure of a smooth GL (^-principal bundle with re- 
spect to the action 

p: Fr(M) x GL(E) — > Fr(M), (p,g) ^ p.g := po g. 

More precisely, for each chart (p: U — >VQEofM, the map 

Fr(ip) : Fr(U) ->■ V x GL(E') C £ x g[(E) 

Iso^TjL'") 9p (->■ d(p(x) op). 

is a bundle chart of Fr(M), and we have 

q(¥r{ip)~ l (ip(x),g)) = x and Fr^) -1 ^^), 31,52) = Fr((^)" 1 (^(x), 31). 32 

for all x £ [7 and 3,31,32 £ GL(E). The bundle Fr(M) is called the frame bundle over M. 
For further details, see [Bou07t 7.10.1]. 

The soldering form 9 on Fr(M) is the E'-valued 1-form on Fr(M) defined by 

9 p : T p Fr(M) -> E, v ^ p- l {Tq{v)). 

With respect to a chart ip: U — > V <Z E oi M (and the corresponding bundle chart Fr(y?)), 
its local representation 9^ : V x GL(£) — > £(£* x gi(E),E) is given by 0? \{v,w) = g~ x {v) 
with (x,g) £ V x GL(E) and («,«;) eJ?x gl(E). 

Given an affine connection on TM, the connection form lo on Fr(M) is the gl(i?)-valued 
1-form on Fr(M) defined by 

cu p : TpFr(M) -> gl(E), u p (v)(e) =p~ 1 [K (Te(v))), 

where for each e £ E, the map e: Fr(M) — > TM is the bundle morphism over M given by 
e(p) = p(e). With respect to a chart <p: U — > V C E of M, the map Te can be written as 

TTtp o Te o T Fr (99) - 1 : 7 x GL(fi) x £ x gl(£) -> VxExExE 

(x,g,v,w) (->• (x,g(e),v,w(e)) 

and the local representation a;^: V x GL(TJ) — s- £(i? x gl(-E), flt(-E')) of cj is given by 

^ g) (v,w)(e) = g- 1 (w(e)-B^g(e),v)) 

with (a, 3) £ V x GL(E), (v,w) £ E x gl(E) and e £ E. 

For each p £ Fr(M), a vector u £ T p Fr(M) can be given by 6 p (v) and Wp(u) and it is 
called vertical if 9 p (v) = and horizontal if a; p (v) = 0. More precisely, the {E x g[(E))- 
valued 1-form k := (0,cj) is a {l}-structure on Fr(M). For each e £ E, the tangent map 
Te: TFr(M) — >• TTM maps vertical vectors in T p Fr(M) to vertical ones in T p r e \TM, and 
horizontal vectors to horizontal ones. 

For each A £ E, we define the standard horizontal vector field H\ on Fr(M) by the 
requirement that 9(H\){p) = A and uj(H\)(p) = 0, i.e., H\(p) := re" (A, 0). For a chart 
99: U — > V C E 1 of M, its local representation iT^ : 1/ x GL(E') — > E x gl(E) is given by 

Hf(x,g) = (3(A), e ^ B%(g(e), g(X))) . 

By working in charts, we observe that H g -i(x) Pg = Tp g a H\ for all p g : Fr(M) — > Fr(M) 
with g £ GL(E), i.e., H\ and H g -i^ X ) are p 5 -related. 
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Proposition 3.1. Given A € E and g G GL(E), we have: 

(1) Every (maximal) integral curve of H\ is mapped under p g to a (maximal) integral curve 

OfHg-l W . 

(2) Every (maximal) integral curve 7 of H\ is mapped under q: Fr(M) — > M to a (maximal) 
geodesic in M , and we have (q o 7)'(i) = 7(i)(A). 

(3) For each (maximal) geodesic in M, there is a (maximal) integral curve of H\ that is 
mapped to it under q: Fr(M) — >■ M. 

Given p 6 Fr(M) wit/i = x, we /icwe: 

(4) For each (maximal) geodesic a in M with initial condition a(0) = x, there is a \ £ E 
such that H\ possesses an (maximal) integral curve 7 with initial condition 7(0) = p 
that is mapped to a by q. 

Proof: (1) is obvious by the fact that H\ and H g -ir^\ are /^-related. 

(2) Given a curve 7: J — > Fr(M), we represent it with respect to a given chart 
ip: U -»• V C E of M by the form (0^,7^): a _1 (l7) -»• £ x GL(E) with a:=go 7 . If 
7 is an integral curve of H\, then we have in a chart 

Km = 7^)(A) and (^)'(t)(e) = B^ {t) (^(t)(e),^(t)(X)). 

Therefore, we obtain {a v )"{t) = W{t)(X) = B£ v(t) ((a v )'(t), (a v )'(*)), so that a is a 
geodesic with a'(i) = 7(t)(A). 

Assume now that 7 is maximal. Let /J:I->Mbe the maximal geodesic with J C I and 
/3|j = a. To see that J = I, we assume (for contradiction) that there is a boundary point t\ 
of J in /. With respect to a chart [/-Jp'CE around /3(ii), we have 

ipP)'{t)=-f{t){\) and (/)'(t)=^ (i) (,(^)'W)o/(i) 

on We shall extend 7^ around t\ such that ((3^,^) still satisfies these differential 

equations, contradicting the maximality of 7. As the second equation is a linear differential 
equation for 7^, we can extend 7^ around t\. To see that this extension also satisfies the first 
equation, we observe 

(7*)'(t)(A) = i?^ w (7 v (i)(A),(/nW) 

and remember that this differential equation is also satisfied by ((3^)', the curve j3 being a 
geodesic. Hence, we have (/^/(i) = 7 v> (t)(A) by uniqueness. 

(3) Given a geodesic /?:/—» M, choose a frame po € Fr(M) such that po(A) = f3'(to) 
for some to £ ^- Let 7: J — > Fr(M) be the maximal integral curve of i^A with initial 
condition 7(^0) = Po- We know from (2) that the curve a := 907 is a maximal geodesic with 
O('(to) = 7(to)(A) = fo(A) = P'(to), so that JC J and a|/ = /3. 

(4) Choose some Ao £ E 1 . By (3), we have a (maximal) integral curve 70 of H\ Q that is 
mapped to a under q. Let g € GL(E) such that 7o(0).g = p. Then the assertion follows by 
(1) when considering 7 := p g o 70 and A := <7 _1 (Ao). □ 

Corollary 3.2. Given A £ E, the affine manifold (M, V) is geodesically complete if and only 
if the vector field H\ is complete. 
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3.3 Affine Maps 



Given two affine manifolds (M\,B\) and (M2,I?2)> a map /: Mi — > M2 is called affine, 
if IT/ o5i = B 2 o (Tf r/). Working with charts 921 : U\ -> Vi C ^ of Mi and 
<£2 : ^2 - >• V2 C E2 of M2 such that f(U±) = U2, this can be written as 

d 2 r(x)(v,w)+dr(x)((B^) x (v,w)) = (Bp) f , ix) (dr(x)(v),dr(x)(w)) (6) 

for all x in the domain of the local representation /^ : V\ — >• V2 of / and v,w £ E\. The fol- 
lowing lemma is an easy result when taking a closer look at the corresponding local formulas. 

Lemma 3.3. Given a smooth map f: M\ — > M2, the following are equivalent: 

(a) / is affine. 

(b) The connectors K\ and K2 are T f -related in the sense that Tf o K\ = K2 o TTf. 

(c) TT/ maps horizontal vectors to horizontal ones, i.e., K\{v) = implies 
K 2 (TTf(v)) = for all v £ TTM. 

(Note that vertical vectors are mapped to vertical ones regardless of whether f is affine.) 

Affine maps are compatible with parallel transport along curves, i.e., T a c tl \f o P t Ha) = 
Ptoif a ) T a (t )f for all curves a: J — > Mi with t$,t\ £ J. Geodesies are mapped to 
geodesies. Further, we have T/(P exPi i) C P e xp,2 and / o exp = expoT/. A consequence is 
that, given an affine map, its values on connected components are uniquely determined by 
the tangent map at a single point, i.e., given affine maps /, g: M\ — > M2 with T x f = T x g for 
some x £ Mi, we have / = g if Mi is connected (cf. proof of [Nce02, Lem. 3.5]). 

Affine maps are compatible with covariant derivatives of related vector fields, i.e., 
Tf(V v rfr) = V Tf{v )T]2 for all v £ TM\ and 7/1 £ V(Mi), r/ 2 £ V(M 2 ) with Tf o 771 = rfr o /. 

We now assume Mi and M2 to be modelled on the same Banach space E. A diffeomor- 
phism /: Mi — > M2 induces a principal bundle isomorphism Fr(/): Fr(Mi) — > Fr(M2) over 
/ defined by Fr(/)(p) = T x f op where p £ lso(E,T x Mx). It relates the soldering forms 9\ 
and 9 2 , i.e., Fr(/)*0 2 = X . ' 

Conversely, every fiber-preserving diffeomorphism F: Fr(Mi) — > Fr(M2) with F*02 = 9\ 
is induced by a unique diffeomorphism /: Mi — > M 2 . Indeed, being fiber-preserving, F 
induces a diffeomorphism / between Mi and M2 and, by means of F*02 = 9\, we can 
deduce!! Fr(/) = F. 

Lemma 3.4. Given a diffeomorphism f : Mi — > M2 between affine manifolds, the following 
are equivalent: 

(a) / is affine. 

(b) The connection forms oj± and o; 2 are Fr (f)-related, i.e., Fr(/)*W2 = wi. 

(c) TFr(/) maps horizontal vectors to horizontal ones, i.e., 

( Ul ) p (v) = => (a; 2 ) Fr(/ ) (p )(r p Fr(/)( U )) = 

for all p £ Fr(Mi) and v £ T p Fr(Mi). 

2 From (9i) P (v) = (9 2 ) F ( P ) (TF (v)) for all p G Pr(Mi) and v G T p Fr(Mi), we obtain p _1 (Tg(u)) 
'7'/ : o F(p))^ 1 (Tg(t;)), which leads to Tf op — F(p), i.e., Fr(/)(p) = 
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(Note that vertical vectors are mapped to vertical ones regardless of whether f is affine.) 

Proof: We first note that Tf o e 1 = e 2 o Fr(/) for all e E £. 

(a) =>(b): As Tf relates the connectors K% and K2, we have 

( W2 ) Fr(/)(p) (T p Fr(/)( W ))(e) = (!*(/) (p))" 1 {K 2 (Te\T p Fi(f)(v)))) 

= (T,/op)- 1 (r SB /(if 1 (Te l («)))) =p- 1 {K 1 {Te\v))) 
= (wi) P («)(e) 

for all p E Iso(S, Ta-Mi) C Fr(Mi), u € T p Fr(Mi) and e£fi. 

(b) =^(c) is obvious. 

(c) =>(a): Working with charts, we shall show (J6J. We choose some g E GL(E) and 
e £ E such that t> = 5(e). We put z := (Bf 1 )^-, w) o j e fll(-E) and observe that then 
(ojf 1 )/;,. g )(w, z) = 0. By assumption (c), we then know that 

i UJ 2 2 )(f^(x),df' f '(x)og)(df' p (x){w),d 2 f ip (x){-,w) og + df v {x) o z) = 0, 

i.e., 

d 2 r(x)(.,w)og + dr(x)oz = (B^) f , {x) (;dr(x)(w))o(dr(x)og). 

Applying both sides of this equation to e, we get ©. □ 

Proposition 3.5. Given an affine manifold (M, V), the map Aut(M, V) — > Aut(Fr(M), k), 
f I—)- Fr(/) with k = (9,u>) is an isomorphism of groups. 

Proof: The map is correctly defined, as for each / E Aut(M, V), the induced map Fr(/) 
is a principal bundle automorphism that preserves 9 and oj. It is bijective, since each F E 
Aut(Fr(M), k) is induced by a unique diffeomorphism / of M, which is affine by Lemma 13.41 
The map is a group homomorphism, as 

Fr(/o 5 )(p) = T(fog)op = TfoFr(g)(p) = Fr(/)(Fr( 5 )(p)) = (Fr(/) o Fr(<?))(p) 

for all f,g E Aut(M,V). □ 

3.4 Infinitesimal AfRne Automorphisms 

Let M be a smooth Banach manifold (with model space E) and q: Fr(M) — > M the natural 
projection of the frame bundle. 

Given £ E V(M), the natural lift of £ is defined as the vector field £ E V(Fr(M)) given by 
:= <slt=o Fr(Flf )(p)- The results of this section can essentially be found in [KN631 VI. 2] 
for the finite-dimensional case. 

Lemma 3.6. Given £ E V{M), we have: 

(1) £ and £ are q-related, i.e., Tq o £ = £ o g. 

(2) Given a chart (p: U — >• V C E 1 o/M, i/ie loca£ representation £ v : V xGL(E') — >■ £ , xg[(E') 
°/£ * s given by 

f(x,g) = (e(x),d?>(x)og). 
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(3) The domain of the local flow Fl^ of £ is given by 

V{1) = {(t,p) G R x Fr(M): (t,q(p)) £ ©(£)}. 

.Eac/i /Zow map Flf is i/ie principal bundle isomorphism between the frame bundles 
Fr(Z?f(£)) and Fr(D_f(£)) induced by the flow map Flf . We thus have 

Flf(p) = Fr(Flf)(p) and Flf (g(p)) = g(Flf(p)) 

/or aZZ (i,p) £ T){^). ^ e second equation says that q maps the maximal integral curve 
of £ u>ii/i initial value p to the maximal integral curve of £ uni/i initial value q(p). 

(4) £ is invariant under all p g : Fr(M) — >■ Fr(M) g G GL(£') ; i.e., (p g )*£ = £• 

(5) £ ? = O. 

Proof: (1) For all p G Fr(M), we have 

(Tgo|)(p) = Tq(i\ t=0 Fv(Fll)(p)) = || t=Q g(Fr(Flf )(p)) 

= IU F1 fo(p)) = e(*(p))- 

(2) Given any (x,g) G V x GL(i£), let <£i : U\ — > V\ C E be a restriction of (p and e > 
such that x G Vi, W := ] — e, e[ x U\ C X>(£) and F1^(W / ) C £7". We deduce from the definition 
of the natural lift that the local representation ^ of £ is given by 

= (i\ t=0 (Fllr(x), f t \ t=0 d(Fli)^(x)og), 

where 

(Flf := (Flf)^ 1 '^ : V X -*V 

denotes the local representation of Flf. As Jj| t=0 (Flf) ¥ ' 1 (x) = ^(x), it remains to verify 
that 

d 



dt 



d{F\l)^{x)og = d^(x)og. 

t=0 

Writing d(Flf)^(x) = d 2 (F^ \ w )^(t,x), where 

(Fl^\ w )^ := (FlZ\ w f d ^ x ^: }-e,e[xV 1 ^V 

denotes the local representation of Fl^ \ \y, we can use Schwarz's theorem, which carries over 
to Banach spaces (cf. |Lan931 Th. XIII. 7. 3]), i.e., partial derivatives commute. Hence, the 
equation easily follows. 

(3) For each p G Fr(M), the maximal integral curve Flf := Fl^(-,p): J p — > Fr(M) is 
mapped by q to an integral curve of £ with initial value q(p), as 

(goFif)'(i) = Tg((Flf)'(t)) = rg(£(Fff(t))) = £(g(Fif (i))). 

Hence, q a Flf is a restriction of the maximal integral curve Fl^, ^ : J q ( p ) — > M. To see that 
q o Flf = Fl^s, i.e., J p = J q ( p ), we shall show that J q (p) 3 t h-^ Fr(Flf )(p) is an integral curve 
of £. Indeed, we have 



d 
dt 



Fr(Flf)(p) = ± Fr(Flf f)+t )(p) = ± Fr(Flf)(Fr(Flf )(p)) 



Jt 1 
£(Fr(Flf () )(p)). 



t=t Ui t=0 Ui t=0 
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From the preceding considerations, the assertions immediately follow. 

(4) By Proposition 12.71 it suffices to check p g (V t {^)) C. T> t (C) and p g o Fl| = Flf °pglx> ( (|)- 
This is evident, since we have T>t(£) = <7 _1 (^M£)) = Fr(X\(£)) an d since, being a principal 
bundle isomorphism, Flf = Fr(Flf): Fr(T>t(Q) — > Fr("D_t(£)) intertwines the natural GL(E)- 
actions on Fr(£>t(£)) and Fr(D_i(£)), which are restrictions of the action p on Fr(M). 

(5) By Proposition 12.81 it suffices to check that 9 is invariant under all flow maps Flf , i.e., 
(Flf )*(#|j,_ t /£s) = 9\j) t (iy This is evident, since Flf = Fr(Flf) relates the soldering forms on 
Fr(X^(£)) and Fr(Z?_t(£)), which are restrictions of the soldering form 9 on Fr(Af). □ 

Lemma 3.7. Each vector field X G V(Fr(M)) that satisfies (p g )*X = X for all g G GL(£') 
and Cx9 = is the natural lift of a unique vector field £ G V{M), i.e., X = £. The vector 
field £ is uniquely determined by the property that X and £ are q-related. 

Proof: The proof is not more difficult than in the finite-dimensional case (cf. |KN63l p. 229]). 
Due to {p g )*X = X, the map Tq o X factorizes over q, since 

TqoXopg = TqoTpgO X = T(qop g )oX = Tq o X 

for all g G GL{E). Hence, there exists a vector field £ G V{M) with £ o q = Tq o X. By 
Proposition 12.71 we have q(V t (X)) C V t {i) and q o Flf = Flf °q\v t (x)- To see that each flow 
map Flf is equal to Fr(Flf), we have to check that 9 is invariant under Flf (cf. Section T3.3p . 
but this is satisfied, due to Proposition From Flf = Fr(Flf ) = Flf for all t G R, we 
immediately obtain X = £. The uniqueness is clear by Lemma l3.6f 1). as q is surjective. □ 

From now on, let (M, V) (= (M, B)) be an affine manifold. 

Definition 3.8. A vector field £ G V{M) is called an infinitesimal affine automorphism if each 
flow map Flf is an affine isomorphism. We denote the set of all infinitesimal automorphisms 
by Kill(M, V) or Kill(M,B). 

Lemma 3.9. Given a vector field £ G V(M), the following are equivalent: 

(a) £ is an infinitesimal affine automorphism. 

(b) Cjuj = 0. 

(c) 1 G Kill(Fr(M),K), where n = (9,u). 

(d) (£, H x ] = in the Lie algebra V(Fr(M)) for all A G E. 

Proof: Cf. [KN63[ p. 230] for the finite-dimensional case. 

(a) =^(b): Every flow map Flf is an affine isomorphism, so that the connection form u) is 

invariant by all induced maps Fr(Flf) = Flf (cf. Lemma [3. 41 and Lemma [3. 6p . When applying 
Proposition 12.81 we get (b) . 

(b) =>(c): Together with C^9 = (cf. Lemma l3"Uj) . we obtain Cjk = for the {l}-structure 
k = (6>, w). Further, we have (p g )J, = f for all g G GL(E), so that f G Kill(Fr(M), «) (cf. 
Section El]). 

(c) =>(d): With respect to the notion of Section [231 we have Hx = V(\,o) ■ Hence, (d) 
follows by Lemma 12.131 

(d) =>(a): By Lemma 13.4( c). it suffices to check that for each flow map Flf, the map 

TFr(Flf) = TFlf maps horizontal vectors to horizontal ones. Given any p G Fr(M) and 
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v € TpFr(M) with u) p (v) = 0, we put A := p (v). By the definition of H\, we then have 
v = H\(p). By Corollary 12,91 H\ is invariant under all flow maps Fl£, so that 

- F if( P )( TF1 ^)) = W Ff W ( T ^W)) = - Flf(p) (^(Flf(p))) = 0, 
as uj(H\) is identically 0. □ 

Remark 3.10. We can express Condition (d) in a chart <p: U — > V <^ E of M by using the 
local representations ^ and Hf. A simple computation shows that 

diq(x,g)(jf(x,g)) = df(x,g)(H^(x,g)) for all (x,g) £Vx q[(E) and A £ E 

is equivalent to 

d 2 ^(x)(v,w) + d&{x)(B%(v,w)) 
= dB lfi {x){^{x)){v,w)+Bt{d^{x){v) 1 w)+Bt{v,d^{x){w)) 

for all x G 1/ and v,w £ E. 

Proposition 3.11. The set Kill(M, V) is a Lie subalgebra ofV(M) and the map 

Kill(Af, V) -> Kill(Fr(M), as) C V(Fr(M)), 

is an isomorphism of Lie algebras. Hence, if M is connected, Kill(M, V) inherits the struc- 
ture of a Banach-Lie algebra via this isomorphism (cf. Proposition \2.1\) . Its Banach space 
structure is then uniquely determined by the requirement that for each p £ Fr(Af), the map 



Kill(M, V) -»• T p (Fr(M)), £ ^ £(p) = ^ 



Fr(Flf)(p) 

t=o 



is a closed embedding. 



Proof: Note that the map is correctly defined by Lemma 13.91 and that Kill(Fr(M), k) is a 
Lie algebra by Lemma 12.131 The map is bijective by Lemma 13.71 It suffices to show that 
Kill(Fr(M), k) — > V(M), £ i— > £ is a homomorphism of Lie algebras. 

Let £ x and £ 2 be in Kill(Fr(M), k) and A£l. As g*^ = £j for i = 1,2, i.e., ^ and are 
^-related, we also have ^(A^ + £ 2 ) = A£i + ^2 and g*[£i,£2] = [£i>£2] by the naturality of the 
Lie bracket. From Lemma I37T1 we then know that A£i + £2 = A^ + £ 2 an d [£1,^2] = [^11^2]- 

□ 

Corollary 3.12. If M is connected, then, for each x £ M, the map 

Kill(M, V) T X M x gl(T x M), £ ^ (£(x), « ^ V„£) 
is a closed embedding of Banach spaces. 

Proof: We choose some frame p £ Iso(E,T x M) C Fr(M). It suffices to construct an iso- 
morphism T p (Fr(M)) -> T^M x gl^M) satisfying $(f(p)) = (f(x),V.f) for all £ € 
Kill(M,V). Let (p: U -> V C B be a chart at a; and put := Fr(<p)(p) = 

{<p{x),dtp{x) op) £ y x GL(E'). We define 

$ := (d<p(x) x ^(x)*) -1 of o dFr(ip)(p) 
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with the isomorphisms 

f : E x q[(E) Ex gl(E), (v, w) (-»• (y, wo g~ l - B%(y, •)) 

and dip(x)*: gl(T x M) — > gl(E) given by dip(x)*(w) := d<p(x) o w o dip(x)~ l . Given £ £ 
Kill(M, V), we have 

d¥T{y){p)£(p)) = f(x,g) = (x) , (?) o g) 
(cf. LemmaEll), which is mapped by * to (x) , d^ (x) - B|(^(z), •))• Hence, $(£(p)) = 

(e(x),v.e). □ 

Lemma 3.13. Ze£ ^ be a smooth vector field on a smooth Banach manifold N with local flow 
Fl 5 : £>(£) ->■ iV. 7/i/iere is an e > sucft i/wrf [-e,e] xiV C £>(£), then we haveV(£) = RxN, 
i.e., £ is complete. 

Proof: Given an e > such that [— e, e] x N C we assume the opposite / txiV 

and show that this will lead to a contradiction. In doing so, there is a greatest natural number 
n satisfying [— ne, ne] x N C £>(£). Consequently, for each flow line Fl| : J x ^ N with x € iV, 
we have [— ne, ne] C Jj., but at least [— e, e] C J x . For each x £ N, we have Jpje^ x \ = J x — 
so that 

Jx = J F ^( £ ,x) + £ 2 ne] + e 5 [0, (n + l)e]. 

Similarly, we have J x D [— (n + l)e, 0], hence J x D [ — ( n + ( n + This contradicts the 
maximality of n. □ 

Theorem 3.14. If (M , V) is geodesically complete, then all vector fields in Kill(M, V) and 
in Kill(Fr(M), k) are complete. 

Proof: The proof is not more demanding than in the finite-dimensional case (cf. |KN63I 
p. 234]). By Lemma 13.6( 3) and Proposition 13.111 it suffices to prove the completeness of 
the vector fields in Kill(M, V). Without loss of generality, we assume M to be connected, 
as the matter of local flows and geodesies takes place in connected components. Given an 
infinitesimal automorphism £ £ Kill(M, V), it suffices to check [— e, e] x M C £>(£) for an 
e > by Lemma f3. 131 

We consider some point xo € M and let e > be such that [— e,e] x {xo} C X>(£). It 
suffices to show that the set A of all x G M with [-e, e] x {x} C V(£) is all of M. As M is 
connected and A is not empty, it suffices to check that A and its complement A c both are 
open. 

To see that A is open, let x be any point in A. Due to Lemma 13.6( 3). we then have 
[— e,e] x lso(E,T x M) C £>(£). We consider a normal neighborhood of x and shall show 
that it lies in A and that therefore A is open. Given any y € W, we have to check that 
[— e,e] x {y} C X>(£). By Lemma I3T6T 3). it suffices to check [— e, e] x {r} C £>(£) for some 
frame r £ Fr(M) at y = q(r). The set W being a normal neighborhood of x, there is 
a geodesic in W that joins x with y. Hence it follows by Proposition 13.11 that there is a 
standard horizontal vector field H\ with A £ E and an integral curve 7 of H\ that joins some 
frame p := 7(0) at x with some frame r := 7(1) at y. By Lemma |3.9| we have [£, .Ha] = 0, 
so that we can apply Corollary 12.91 As H\ is complete (cf. Corollary 13. 2p and as we have 
r = Flf A (p) and [-e,e] x {p} C £>(£), we obtain [-e,e] x {r} C 

To see that A c is open, let x be any point in A c . We consider a normal neighborhood 
of x and shall show that W C A c . For each y £ W, there is a geodesic joining y and x. If y 
was in A then x would be in A, too, by the above argument. That is why y is in A c , hence 
W C A c . a 
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3.5 The Automorphism Group of a Geodesically Complete Affine Manifold 

Theorem 3.15. Let (M, V) be a connected affine Banach manifold that is geodesically com- 
plete. The automorphism group Aut(M, V) can be turned into a Banach-Lie group such 
that 

exp: Kill(M, V) -> Aut(M, V), f H- Fl~ € 

is its exponential map. The natural map a: Aut(M, V) x M — > M is a smooth action whose 
derived action is the inclusion map Kill(M, V) ^ V{M), i.e., — To"(idjy, 0) = £(x). For 
each p G Fr(M), the map Aut(M, V) — > Pr(M), / i— > Fr(/)(p) is an infective local topological 
embedding. 

Proof: The assertions follow by Theorem 12,21 Proposition 13,51 and Proposition 13 . 1 ll Indeed, 
the exponential map of Aut(Pr(M), k) maps i G Kill(Fr(M),K) to FIT* = Fr(Fl~ € ), so that 
Kill(M, V) 3 £ i-> Fl^ is an exponential map of Aut(M, V). 

The natural smooth action ef: Aut(Fr(M), ft) x Fr(M) — > Fr(M) induces the smooth 
action a: Aut(M,V) x M -> M, since f(q(p)) = g(Pr(/)(p)) for all / G Aut(M,V) and 
p G Fr(M). Given p G Fr(M), for the orbit maps a p : Aut(Fr(M), k) ->■ Fr(M) and 
(7g(p) : Aut(M, V) — > M, we have c g ( p )(/) = Q , (o r p(P r (/)) an( f thus 

-Tid M <7 ? (p)(£) = -Tg(T idpr(M) a p (e)) = -T 9 (-|(p)) = e(?(p)). 

As the map Aut(M, V) — > Aut(Fr(M), «;),/—> Fr(/) is an isomorphism of Lie groups by 
construction, the map Aut(M, V) — > Fr(M), / i— )■ Fr(/)(p) is an injective local topological 
embedding by Theorem 12.21 □ 
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